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1. INTRODUCTION AND THE STATEMENTS OF THE MAIN RESULTS 
Let S, and S, be non-singular curves in the 2-dimensional complex projective 
space P* with normal crossings. Let IJI :X+P* be a 3-sheeted covering of P* 
branched along SIUS2. S. Kawai [3] has shown that the irregularity q of a 
non-singular model of Xvanishes. In our forthcoming paper [8], we show that 
X is either (1) a normal surface whose singularities are all rational double points 
(in this case we have 
Pg = Em + g(S2) - #I - 2~2W&- S,)) 
or (2) a normal surface whose singularities are all rational triple points (in this 
case we have 
Pg = m) + g(S2) - $CSl - S2J2h 
Here pg is the geometric genus of a non-singular model of X and g(Si) is the 
genus Of Si. 
The purpose of this paper is to report some results on the minimal non- 
singular models of 3-sheeted covering spaces of P* branched along S, U S2. 
Our main result is the following. 
THEOREM. Let ni be the degree of Si and we denote by X the minimal non- 
singular model of a 3-sheeted covering space X of P* branched along Si U S2. 
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Then 
(i) If ni + n2 s 4, then X is a rational surface. 
(ii) If ni + n2 = 5, then 8 is a K3 surface. 
(iii) If nl + n2 = 6, then 8 is either an elliptic surface (this occurs in the case 
in which X is of type (2)) or a surface of general type (this occurs in the case 
in which X is of type (1)). 
(iv) If nl + n2z7, then R is a surface of general type. 
2. THE EXISTENCE OF 3-SHEETED COVERINGS OF P* BRANCHED ALONG S, US, 
First we shall explain how to study a 3-sheeted covering v/: X+P2 branched 
along Si U S2. For the proof and more detailed discussions see [8]. By Oka [7], 
the fundamental group nl(P2 - Si US,) of P2 - Si U S2 is abelian and 
K~(P~-$ US2) =Zy, +Zy2/(nlyl +n2y2), where yi is a small loop around Si 
and ni is the degree of Si. Then w : X-+P2 is the covering of P2 associated to 
a subgroup H of nl(P2 - S, US2) whose index in n1(P2 - S, US,) is 3. We 
assume that His determined by cryI + j3y2, ml y1 + m2y2. We put N= Z2 and N 
is a submodule of N generated by (rx,p) and (m,,m2). We denote by 
iR : Nh + NR the linear map induced by an inclusion i : N’+ N, where Nh = N’@ R 
and NR = N@R. Let o be the cone in NR defined to be o = Re(l,O) + R,(O, l), 
where R. is the set of non-negative elements in R. We put Q’= ii’(a). Let A’ 
and A be the rational partial polyhedral decompositions of o’ and Q respectively. 
Then we have the map of torus embeddings f: TN’ emb (A’)+ TN emb (A) 
induced by the map iR. In this notation, for an arbitrary point p E S1 nS2, 
we can take a local coordinate neighborhood U of p such that the restriction 
map of w to w-‘(V) is equivalent to the restriction map of torus embeddings 
f to f-w, where I/= {(z,, Z~)E C21 Izi( <si} is a small open subset of 
TN emb (A) = C2. 
Then w- l(V) is non-singular if and only if o’ is a non-singular cone if and 
only if one of Si is not a branch locus. We consider the case in which the 
branch locus is S, US,. Then w-‘(V) has a singularity and its desingulari- 
zation is obtained by the minimal resolution of a singularity of TN1 emb (A’). 
By [8], we see that X is of type (1) if and only if the integers a, /3, ml and 
m2 satisfy the conditions 
(O) 
(i) am2-fiml =3, 
(ii) the four integers 2a - p, a - 28, 2m, - m2 and m, - 2m2 are multiples 
of 3, 
and X is of type (2) if and only if the integers Q, 8, ml and m2 satisfy the 
conditions 
(O 
(i) am2-j3ml =3, 
(ii) the integers a-/3 and ml - m2 are multiples of 3. 
We denote by X a non-singular model of X obtained by the procedure as 
above. Let a,:z+P2 be the composition map of the above desingularization 
of X and w. 
Our first result is the following. 
PROPOSITION. Let ni be the degree of Si. Then 
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(i) There exists a 3-sheeted covering I,U :X* P2 such that X is of type (1) if 
and only if 2nr - n2 is a multiple of 3. 
(ii) There exists a 3-sheeted covering v/: X+P2 such that X is of type (2) if 
and only if nl - n2 is a multiple of 3. 
PROOF. We shall prove (ii). If there exists a 3-sheeted covering w : X-P2 
such that X is of type (2), then from the formula for the geometric genus of 
X in section 1, we see easily that nl - n2 is a multiple of 3. Conversely let 
nl - n2 be a multiple of 3. Let d be the greatest common factor of n1 and n2. 
We have n, = drl and n2 = dr2, where rl and r2 are integers which are relatively 
prime. Moreover we have integers a and b such that 
ar2-br,=l. 
First we consider the case in which nl # n2 and rl - r2 is a multiple of 3. In 
this case if we put ml =rl, m2 = r2, a = 3a and /I= 3b, then we see easily that 
a, 8, ml, m2 satisfy the conditions (7’). Let H be the subgroup of nl(P2- 
- Sr US2) determined by cryI +/3y2, mlyl + m2y2. Then the covering w:X-*P’ 
associated to H is the desired one. 
Next we consider the case in which nl # n2 and rl - r2 is not a multiple of 3. 
In this case we put ml = 3r, and m2 = 3r2. Moreover since we have 
a(r2-rl)+(a-b)r,=l, 
integers r2-r1 and rl are relatively prime. Thus r2-r1 and ml are relatively 
prime and we have integers e, and e2 such that 
e2ml+e,(r2-r,)=l. 
We put a=el and j?=er - 3e2. Then we see easily that a, /I, ml, m2 satisfy the 
conditions (2). 
Finally in the case in which nl = n2, we put ml = m2 = 1 and we take integers 
a and j3 such that a-p= 3. Then they satisfy the conditions (7’). 
We shall prove (i). First we note that 2nl - n2 is a multiple of 3 if and only 
if nl - 2n2 is so. Hence if 2n, - n2 is a multiple of 3, then we may assume that 
2nr - n2 = 3ad and nr - 2n2 = 3bd, where a and b are integers which are rela- 
tively prime and d is a positive integer. Then we have integers a’ and b’ such that 
aa’-bb’= 1. 
If we put 
a= -a’+2b’, /?= -2a’+b’, m1 =$ and m2=3, 
then we see easily that a, /I, ml, m2 satisfy the conditions (0). Hence we have 
a 3-sheeted covering w : X-P2 su,ch that X is of type (1). From the formula 
for the geometric genus of X in section 1, the converse is obvious. 
Q.E.D. 
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REMARK. By the proposition as above, we have the following table. 
X h %I 
a normal surface whose (3m, 3n) 
singularities are all (3m + 1,3n + 2) 
rational double noints (3m+23n+l) 
a normal surface whose 
singularities are all 
rational triple points 
(34 3n) 
(3m+l,3n+l) 
(3m+&3n+2) 
3. THE PROOF OF THE THEOREM 
We recall some results in [8]. Let CJJ :x+P’ be the same as in section 2. If 
X is of type (l), then we have 
a,-‘(p)=A,,UAZpO)ESInSZ), 
where A, (i = 1,2) is a non-singular rational curve P’. Moreover we have the 
following equations 
c&f> = 11 + 8{g(Si) +g(S2)} -$(Sl” + S;) ++SlS2, 
s;“=+<sf-2s,s,>, 
s; = +(s,’ - 2s, S,), 
A;= -2 (i= 1,2), 
where $ is the proper transform of Si by p. If X is of type (2), then we have 
P-‘@)=A,p@~Sln~2), 
where Al, = P’ and we have 
c~(~)=bo*cl(P~W(~~ +s2>- pE;ns2 Alp, 
c:(z) = 11 + 8(&S,) +g(S2)} - $(S: + S;) ++S,S2, 
cp*(W= C A,,+3% 
P=S,nS, 
(352) v*G2)= C A1,+3g2, 
pes,ns, 
~~=+(s:--s,s2), 
$=f(S;-spQ), 
A&= -3, 
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where $ is the same as above. We denote by R the canonical divisor of X. We 
have R= -c,(X). 
LEMMA. Let t,u: X-P2 be a 3-sheeted covering of P2 branched along Si US,. 
If nl + n2 2 6, then the non-singular model 8 of X in section 2 is minimal. 
PROOF. Let X be of type (1). By the table of section 2, we may assume that 
(n,, n2) is any of (3m,3n), (3m + 1,3n + 2) and (3m + 2,3n + 1). Therefore by 
(E,) it is easily checked that SF= - 1 if and only if (nl,n2)=(1,2) and that 
gz = - 1 if and only if (ni, n2) = (2,1). 
From (El), by easy computations, we have 
(n,+n2)E={2(nl+n2)-9}(S;+S2+ C (A,,+A,,)). 
PeS,n% 
Hence we see that if nl + n2z 6, then (nl + n2) R is an effective divisor and does 
not contain any exceptional curve of the first kind. Therefore if n, + n2z6, 
then X is minimal. 
Let X be of type (2). By easy computations we have 
Hence, by a similar argument as above, we see that if nl + n2 2 6, then X is 
minimal. 
Q.E.D. 
We denote by X a minimal non-singular model of X. We shall prove the 
theorem by using the table of classification of surfaces due to Kodaira [5]. 
First we consider the case in which X is of type (2). We put 
nl=n and n2=n+3v. 
Then from (E2) and the formula for the geometric genus of X in section 1, by 
easy computations, we have 
c$f) = (5n - 9)(n - 3) + 3v(4v + 5n - 12), 
p&f) = (n - l)(n - 2) + +(5v + 6n - 9). 
From the above two equations, we see that if the pair of integers (n, v) satisfies 
any of the following three conditions 
(i) n=l and ~12, 
(ii) nz2 and ~21, 
(iii) nz4 and ~20, 
then we have c$?) >0 and p,(X) 2 1. This implies that if n, + n2z 7, then 
c$??)>O and p,(X)2 1. Since by the lemma X is minimal, we see that if 
nl + n2 2 7, then 8 is a surface of general type. Let 
n=3 and v=O. 
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Then we have c:(X) =0 and p,(X) =2. Since nl + n2=6, X is minimal. 
Moreover since the irregularity q(z) of X vanishes, we see that if n, + n2 = 6, 
then X is an elliptic surface. Let 
n=l and v=l. 
Then we have p,(X) = 1. It is easy to check that (J?, St) = (&, $) = - 1. Hence 
$, is an exceptional curve of the first kind. Let Q :X+X be a blowing down of 
,!?i. Then we see easily that 12(K- $) = 0. Hence we have 12K= 0, where R is 
a canonical divisor of R. Therefore 8 is minimal. Moreover we have q(X) = 0. 
By the classification theorem, we see that if n, + n2 = 5, then X is a K3 surface. 
The other cases are the following 
(i) n=l and v=O, 
(ii) n=2 and v=O. 
In these cases we have p,(X) = 0. Moreover it is easy to check that there exists 
on X an irreducible curve E with (E, R) < 0 and (E, E) 2 0. Hence we see that 
if nl + n2 s 4, then X is a rational surface. 
Next we consider the case in which X is of type (1). We put 
nl+n2=3k. 
Then we have 
cf(x) = 3(2k - 3)2, 
p,(X) = +(k - 1)(5k - 4). 
From these equations, we see that if kg 2, then we have c:(X)>0 and 
p,(X)2 1 and that if k= 1, then we have p,(X) =O. Since by the lemma, if 
nl + n2z 6, then X is minimal we see that if nl + n2 z 6, then X is a surface of 
general type. In the case that k = 1 (n, + n2 = 3), it is easy to check that X is a 
rational surface. 
REMARK. Let r// :X+P2 be a 2-sheeted covering of P2 branched along 
Si U S2. Then by a similar argument as above we see that n, + n2 is even and we 
have 
(i) If nl + n2s4, then X is a rational surface. 
(ii) If nl + n2 = 6, then X is a K3 surface. 
(iii) If n, + n2z8, then X is a surface of general type. 
REFERENCES 
1. Artin, M. - On isolated rational singularities of surfaces, Amer. J. Math., 88, 129-136 (1966). 
2. Griffiths, P.A. and J. Harris - Principles of algebraic geometry, New York; John Wiley Sons, 
1978. 
3. Kawai, S. - On finite ramified covering spaces of P”, Comment. Math. Univ. Sancti. Pauli., 
30, 87-103 (1981). 
4. Kempf, G., F. Kundsen, M. Mumford and B. Saint-Donat - Toroidal embeddings, I., Lect. 
Notes in Math., 339, Springer, Berlin-Heidelberg-New York, 1973. 
5. Kodaira, K. - On the structure of compact complex surfaces, I., Amer. J. Math., 86.751-798 
(1964). 
458 
6. Oda, T. - Lectures on torus embeddings and applications., Tata Lect. Notes, 57, Springer, 
Berlin-Heidelberg-New York, 1978. 
7. Oka, M. - On the topology of the complement of a hypersurface in P”, Quart. J. Math., 
Oxford (2), 28, 229-242 (1977). 
8. Yamamoto, S. - Covering spaces of Pz branched along two non-singular curves with normal 
crossings, to appear in Comment. Math. Univ. Sancti. Pauli. 
459 
